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THE FLEXIBLE STRING 



4 .3 SIMPLE-HARMONIC OSCILLATIONS 
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of any portion of the string is directly proportional to the curvature of that 
portion. If the curvature is downward, the acceleration is downward, and 
vice versa; and the greater the curvature, the faster the velocity changes. 

If the string is infinite in extent, it can carry waves which travel exclusively 
in one direction. In that case, as was pointed out at the beginning of this 
chapter, if the time dependence of the wave is to be sinusoidal, its space 
dependence must also be sinusoidal. All simple-harmonic waves traveling 
in the positive x direction must have the form 

y(x,t) = A cos ^ (x — ct) — oj 

or 

y(x,t) = C exp ^ (x - c/)j (4.3.2) 

if C = Ae~ i0 and if physical meaning is attached only to the real part of the 
second expression. For a simple-harmonic wave in the negative x direction 
we substitute — (x + ct) for (x — ct) in these expressions. Incidentally, the 
reason we have chosen the time factor to be e~ ia>i rather than e* at is that then 
the sign of the x part of the exponent, e ±imx/e 9 indicates the direction of the 
wave. 

For the wave of Eq. (4.3.2), the energy and momentum densities are 
[Eqs. (4.1.9) and (4.1.12)] . 

f| Kinetic energy density = U = JecoM 2 sin 2 (jc — cr) — <I>J 

Potential energy density — V ~ \T (^Ja* sin 2 (x - ct) - 0>J 

Total energy density = W it = ecoM 2 sin 2 ^ (x - ct) - <E>j = H (4.3.3) 
Energy flux = W tz = cH 

Longitudinal momentum density = W zt = — 



Longitudinal stress = W„ = — 

c 2 



The energy density is greatest where the string's slope and transverse velocity 
are greatest, each packet of energy spaced a half wavelength from its neighbor, 
each traveling with a velocity c. Consequently, the energy flux W ix is equal 
to c times the energy density W tt . The wavelength of these waves is, of 
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course the distance between one wave peak and the next, a distance such that | 
an increase of x by X will increase (co/c)(x - ct) by 2-n, so that («/c)i = 2tt, j 

orA = 2ffc/ w - . . . r u .1. * 

We could reach the same conclusions by asking what sort of shape the 
string will have when it vibrates with simple-harmonic motion, i.e., when its 
time dependence is through the factor r *•«. Setting y(x,t) = Y{x)e-^ into 
the equation of motion (4.1.3) or (4.1.8), we obtain a familiar equation 
for Y(x). ' 

*I + (»1 Y -Q *= T - (4.3.4) 
dx* \c) * 

which is identical with Eq. (1.2.1). This is the equation for simple-harmonic 
dependence on x, with "angular frequency" k = o»/c and "period" A = 
27r/Jt = 2irc/w. The quantity fe is called the wavenumber of the wave; its s 
dimensions are inverse length. The quantity X is the wavelength of the wave, | 
the distance from crest to crest of a sinusoidal wave traveling in one direction. ■ 
The general solution of Eq. (4.3.4) can be written 

Y(x) = C+e im " + C_e- iaxfc 

so that 

y( x ^ _ C+e Mx-ct)/c + C _ e -«.(x+c<)/c 

= A + cos g (x - cO - * + ] + cos g (* + cf ) + *-] (4.3.5) 

representing two waves, of the same frequency and wavelength, traveling in 
opposite directions along the string. Since the wave equation , is linear, 
neither wave has any effect on the other. ; 

This mutual independence of the waves extends to expressions for their 
energy-momentum-stress terms, such as the total energy, 

H = U + V = + 25 + fi- + 0- ) 

where _ 
0+ = /4+sin g (x -cO-«I> + ] 6. = A_sm[^{x + ct) + Q-\ 

The mean value of the square terms is <fl + «> = W*nd (6 J) = \AJ, neither 
of which is zero. But the cross terms can be written 

6J_ = \A + A_ [cos (Icot + 4> + + 4>_) - cos ^2 ^ x - 4> + + <!>_)] 

When averaged over space and time, the average is zero. The energy flux 
has no cross term; 
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so that even the instantaneous values of the flux are simply the differences 
between the two individual fluxes.' Thus the average values of the stress- 
energy tensor are 

C \ (4.3.6). 

Y — ( w tx) = i€Q) 2 c(A+* — A J) = - (W xt ) 

c 

The energy and stress terms are the sum of the terms arising from each wave 
The energy and momentum fluxes are the difference of the terms, since the 
two.waves are flowing in opposite directions. 

If the amplitudes of the two simple-harmonic waves are equal, there is no 
net flow of energy or momentum, and the combination is called a standing 
wave. . 6 

y{x,t) — C + e ialx - ct " c + c_e- ialx + at >' e 

= 2Aco*(jx + W + -W-)exp(-iiot + l<t> + + l<l>_ ) (real part) 



= 2A cos (jx + £<D + - ^0>_ ) cos (cot — £0 + - §<!>_) 



(4.3.7) 



where C + = Ae**+ and C_ = A?*- have the same amplitude but different 
phases. In this case the shape of the wave does not move along the string- 
it amply oscillates in amplitude with simple-harmonic motion. At points' 
where cos [(o»/e)x + JO + - = 0, the two traveling waves always cancel 
each other and the string never moves. These points are called the nodal 
points of the wave motion. In the case that we are considering, where the 
density and tension are uniform, the nodal points are equally spaced along 
the string a distance c/2v apart, two for each wavelength. Halfway between 
each pair of nodal points is the part of the string having the largest amplitude 
of motion, where the two traveling waves always add their effects. This 
portion of the wave is called a loop, or antinode. 

We should ask how a standing wave gets established and is maintained, 
or if there is no motion at each node, there can be no flow of energy from one 
loop to its neighbors. The answer is that a standing wave is a steady-state 
situation. During the transient state, when energy is being distributed along 
we string, the nodes are not perfect (that is, y is not exactly zero there) and 
energy does pass from one loop to the next. Also, even for the steady-state 
situation, the nodes are only perfect when there is no friction. 'With zero 
nction, once a loop has acquired its energy, it can oscillate forever. If 
action is present, the "nodes" are simply places of minimal (but not zero) 
amplitude of vibration ; some energy flows from loop to loop 
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used is the standing-wave form (4.3.7) with t&eangies 
a nodal point coincides with the point, of support x - 0. 

y = A sin ( 2 ^x) cos <2«*-*) ( 4 - 3 - 8 ) 

This agrees with the discussion in ^PJ^^L^ 
boundary condition that we ^.^^^^^^6^^ 
amplitude as the incident wave; and howe ver. 
result is a set of standing waves. Any fluency « f^^ded, the number 
menthesecondboundarycondUionj-Oatx '» 

of possible simple-harmonic motion. ,» *U more - J^^ itffc* tot <i 

« x - / «» * e . S T'f at to* ends cannot vibrate with 
depends on ^^^^^^.^^ set of frequencies 
simple-harmomc motion of any J«^^ The distance between nodal 
i.aUowed.thetettha^^s^ PW^«^>- 1 freque ncies are 

motions are all given by the expression 

, ■„ /^cosf— *-<0 „ = 1,2,3,4,... 
^ = ^ Sin \-r) C0S \ / V (4.3.9) 

nC _ * 

vibration of the string. It » the recnreney ^igV^ ^ ^ 
the string, as we showed in the last section. The tugner "'^ 
ZZl the first overtone be,n 8/ „ the seco» an<Uo on 

The equation for the allowed frequences g ven ,n Eq. P 
an extreme,, important = * £ ^ ^overtones of 

^t^- , «SS. ^ ■- ,,,, " ,,, " 
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The general solution of this is 

= a cosh (l-TTfzx) + b sinh (Itt/jlx) + c cos (2npix) + d sin (In/xx) (5. 1 . 1 1 ) 

where cosh u — cos (iu) and sinh u = —/ sin (/w). See Eq. (1.2.10) and 
Tables I and II. 

This general solution satisfies Eq. (5.1.10) for any value of the frequency 
v. It is, of course, the boundary conditions that pick out the set of allowed 
frequencies. 

Bar clamped at one end 

For example, if we have a bar of length / clamped at one end x = 0, 
the boundary conditions at this end are that both y and its slope dy/dx must 
be zero at x = 0. The particular combination of the general solution 
(5.1.11) that satisfies these two conditions is the one with c = —a and 
d= -b. 

Y = a[cosh (Ittjllx) — cos {Itt/xx)] + b[s'mh (In^x) — sin (Infix)] (5. 1 . 1 2) . 

If the other end is free, y and its slope will not be zero, but the bending 
moment M = QSK 2 (d 2 Y/dx 2 ) and the shearing force F = —QSK*(d*Yfdx?) 
must both be zero, since there is no bar beyond x = / to cause a moment or 
a shearing stress. We see that two conditions must be specified for each 
end instead of just one, as in the string, This is due to the fact that the 
equation for Y is a fourth-order differential equation, and its solution involves 
four arbitrary constants whose relations must be fixed, instead of two for 
the string. It corresponds to the physical fact that whereas the only internal 
stress in the string is tension, the bar has two, bending moment and shearing 
force, each depending in a different way on the deformation of the bar. 

1 d 2 Y 

The two boundary conditions at x — / can be rewritten as A 0 „ -r-r = 0 

an d rt « t T7 = 0 at x = I. Substituting expression (5.1.12) in these, we 
87r 3 /r dx* 

obtain two equations that fix the relationship between a and b and between 
j"and/: 

a[cosh (2777*/) + cos (2tt/J)] + ifsinh (In^t) + sin (2tt///)] = 0 
a [sinh (2tt/z/) — sin (2tt/*/)] + b [cosh (Itt/zI) + cos (2*7*/)] = 0 

or 

b ■ sin (27rfxl) — sinh (2tty*/) ^ cos (2tt/*/) + cosh (Infil) 
cos (277-yu/) + cosh (27T,u/) sin (2tt/*/) + sinh (lufil) 

By dividing out a and multiplying across, we obtain an equation for 

[cosh (2tt/*/) + cos (2777J)] 2 = sinh 2 (lirpl) - sin 2 (2tt///) 
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•Utilizing some trigonometric relationships, this last equation can be reduced 
to two simpler forms: 



COSh (2tt(J,1) cos (2-rrfzl) = — >1 
where coth z = cosh z/sinh z. 



or 



coth 2 (ttju/) = tan 2 (n/il) (5. 1 . 1 4) 



The allowed frequencies 

We shall label the solutions of this equation in order of increasing value, 
They are 2irpJ = 1.8751, 2n/iJ = 4.6941, 2npJ = 7.8548, etc. To simplify 
the notation, we let 1/tt times the numbers given above have the labels p 
so that ■ r 

(5.1. 15) 
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where 0 X == 0.597, & = 1.494, ft == 2.500, etc. It turns out that $ n is prac- 
tically equal to n — \ when n is larger than 2. 

By fixing ^, we fix the allowed values of the frequency. Using Eq 
(5.1.10), we have 



yX 2 



or 



v, — 




(5.1.16) 



v z = 6.267v x 
v 3 = 17.548*! 
y 4 = 34.387r x 



Notice that the allowed frequencies depend on the inverse square of the 
length of the bar, whereas the allowed frequencies of the string depend on 
the inverse first power. 

Equation (5.1.16) shows how far from harmonics are the overtones for 
a vibrating bar. The first overtone has a higher frequency than the sixth 
harmonic of a string of equal fundamental. If the bar were struck so that 
its motion contained a number of overtones with appreciable amplitude, it 
would give out a shrill and nonmusical sound. But since these high-frequency 
overtones are damped out rapidly, the harsh initial sound will quickly change 
to a pure tone, almost entirely due to the fundamental. A tuning fork can 
be considered to be two vibrating bars, both clamped at their lower ends. 
The fork exhibits the preceding behavior, the initial metallic "ping" rapidly 
dying out and leaving an almost pure tone. 

The characteristic functions 

The characteristic function corresponding to the allowed frequency v n 
. is given by the equation 



VB = aB (cosh^-cos^) +* n (sinh^-sin^) (S.I, 



17) 
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where 



. cosh (irj8 B ) + COS J 



sinh (ttjSJ - sin (wp n ) 



Un sinh (tt/JJ + sin (tt^J " cosh (*r/? n ) + cos (tt/SJ 

We shall choose the value of a n so that f \ * dx = //2, by analogy with the 

Jo 

sine functions for the string. The resulting values for a n and b n are a L = 
0 707, b x = -0.518, a 2 = 0.707, Z> 2 = -0.721, a 3 = 0.707, b z = -0.707, 
etc. For n larger than 2, both a n and i n are practically equal to IjVl. 
Some of the properties of these functions that will be of use are 

m n 

v,,(0 = (-i)"-V2 



'0 

/ 

12 



l d J±) = 1.040^ 

\dx Jx~i I 

(^ ( _ 1) .-, V5 * 



m = n 



V2 



te) = -1.440^ 
and /S n ~n-£ 

IttB-X 77 \ 



(5.1.18) 

n>2 

n > 2 



The shapes of the first five characteristic functions are shown in Fig. '5.4. 
Note that for the higher overtones most of the length of the bar has the 
sinusoidal shape of the corresponding normal mode of the string, with the 
. nodes displaced toward the free end. In terms of the approximate form 
given above for y n , the sine function is symmetrical about the center of the 
bar; the first exponential alters the sinusoidal shape near x = 0 enough to 
make y> n have zero value and slope at this point; and the second exponential 
adds enough near x = I to make the second and third derivatives vanish. 
Note also that the number of nodal points in y) n is equal to n — 1, as it is 
for the string. 

In accordance with the earlier discussion of series of characteristic 
functions, we can now show that a bar started with the initial conditions, at 
/ = 0, of y = y 0 (x) and dyfit = v 0 (x) will have a subsequent shape given by 

the series «, 

7 = 2 <*>s (2ttV ) + C n sin {2m n t)] (S.\.\ 9) 

where 

B. 



2 f 1 

l n = lj Q yo(x)v> n (x)dx 
C n = — . f v Q (x)y> n (x) dx 



